We study the complete time evolution of scalar fields propagating in space-times of higher dimensional Lifshitz Black Holes with dynamical critical exponent z = 2, obtained from a theory including the most general quadratic curvature corrections to Einstein-Hilbert gravity in D dimensions. We also computed the quasinormal spectrum after performing a numerical integration and solving exactly the Klein-Gordon equation obeyed by the massive scalar field. We found that quasinormal modes are purely imaginary for all dimensions.
I. INTRODUCTION
quark-gluon plasmas to holographic superconductors [14, 15] .
Recently, gravity solutions with strong asymmetry of time with respect to space coordinates have been obtained, both in the severely modified Horava Lifshitz gravity [16] as well as in Einstein gravity with higher order curvature corrections [17] .
Several theories present anisotropic scaling when one compares time with space coordinates. Such rescaling appears frequently when higher powers of curvature are present in the gravity action. The so called D-dimensional Lifshitz backgrounds have the form
where x a are the components of a (D − 2)-dimensional coordinate vector. The geometry described by the above line element admits the anisotropic scaling symmetry
which is precisely part of the isometry group present in their non-relativistic duals, that are considered on the (D − 1)-dimensional boundary at infinity.
This paper is the first of a series in which a complete study of the time evolution of perturbations around Black Hole solutions whose asymptotic is the space-time (1) is performed.
We will consider scalar perturbations, that are important not only due to its simplicity, but for the implementation of gauge/gravity duality ideas. Our motivation is basically concerned with the extension of the AdS/CFT correspondence to other areas of physics, including further condensed matter models. Within the context of non-relativistic physics, gauge/gravity ideas were recently addressed, as in references [18] and [19] , where the authors proposed gravity duals to non-relativistic systems, and in [20] , where new gravitational duals to Lifshitz fixed points with scale invariance but without Galilean invariance were presented.
Previously, the three dimensional case had been considered, the so called New Massive Gravity [21] , and it has been conjectured that such a theory is dual to the KdV equation in two dimensional space-time [22] . It will be encouraging if one is able to find similar relations in higher dimensions.
The paper is organized as follows: Section II briefly presents the line element of higher dimensional asymptotically Lifshitz black holes obtained considering the most general quadratic corrections to Einstein gravity. In Section III we obtain a general wave equation suitable to analyze the propagation of scalar fields in the background geometry of the higher dimensional black holes, whereas Section IV is devoted to the numerical solution of the evolution equations, and the computation of the complex quasinormal frequencies using two methods: fitting time domain data and the Horowitz-Hubbeny approach. We also present, in Section V, the exact results for quasinormal frequencies after solving the equation of motion for the scalar field in the general D-dimensional Lifshitz backgrounds. Finally, we present our conclusions.
II. D ≥ 5 ASYMPTOTICALLY LIFSHITZ BLACK HOLE FAMILIES FROM QUADRATIC CORRECTED GRAVITY
In this section we briefly present three different classes of asymptotically Lifshitz black hole solutions which correspond to different ranges of the dynamical exponent z [17] . As was shown in [17] below, there exist at least one family of black hole solutions for any generic value of the dynamical exponent z.
In the following we will consider the action:
that includes the most general quadratic-curvature corrections to D-dimensional gravity, and we will focus only in the higher dimensional cases with D ≥ 5.
The field equations that arise from the action (3) are [17] :
where the coefficients ϑ k , k = 1, ..., 4 in front of some geometric factors are functions of those appearing accompanying the quadratic terms in the action (3) and are given by:
The above field equations have solutions whose line elements are particular cases of those describing a D-dimensional manifold M, and that can be written locally as a warped product of the form
where we assume that N m is a lorentzian and K D−2 an Einstein manifold. Introducing 
where w(y a ) is an arbitrary function defined in O 2 and
is the metric on K D−2 .
A common realization of (10) is that in which we chose radial and time coordinates
and describe the geometry of M D by the line element
As an example we can mention the Lifshitz spacetimes (1) , that are solutions of (4) for a general value of the dynamical exponent z in any dimension, in such a way that they exist for fixed values of the cosmological constant and the parameter β 2 given by
generalizing the results for the D = 3 New Massive Gravity obtained in Ref. [26] for β 3 = 0 and β 2 = −(8/3)β 1 = −1/m 2 . The formula (1) can be written in the form (12) with
If the line element (10) describes a black-hole space-time (that is not the case of (1)), then K n describes the structure of a spatial section of its event horizon. If K n is a constant curvature space with sectional curvature K, then K = 0 represents a flat space, K = 1 a spherical manifold and K = −1 a hyperbolic one [27] . and its line element is given by (12) with
The dynamical exponent z parameterizes the coupling constants of the theory. This solution is defined only for D ≥ 5, and there exists a conformal limit z = 1 in the form of an asymptotically AdS black hole that coincides with a solution of the Einstein-Gauss-Bonnet gravity with a fine-tuned coupling constant.
The second family of asymptotically Lifshitz black holes are obtained for z > 1, and are of the form (12) with
and is compatible with the coupling constants given by
.
In similarity with the above case for the z > 2 − D black hole family, the solution exists only for higher dimensions D ≥ 5 and a conformal limit z = 1 is absent.
In reference [17] the authors also found a third family of Lifshitz black holes caracterized by a negative dynamical critical exponent z = −|z|, with metric given by (12) with
with the corresponding coupling constants parameterized as usual by z. Again this family of black holes is defined only in higher dimensions D ≥ 5, and due to the presence of a negative dynamical critical exponents, it has no conformal limit z = 1.
In the following we will be interest in the second family of higher dimensional Lifshitz black holes discussed above and specifically those solutions that are caracterized by the dynamical exponent z = 2.
III. CAUSAL STRUCTURE OF THE z = 2 LIFSHITZ BLACK HOLE
In this section we study the causal structure of z = 2 asymptotically Lifshitz black holes.
Considering for simplicity the five dimensional case and taking L = 1, we can write the line element as
Regarding to the causal structure, the above metric is very similar to the z = 3 NMG black hole [21] . There is a single regular event horizon at r + = √ M , where M is an integration constant related to de ADM mass. Also, the metric exhibits a spacetime singularity at r = 0, as we can see from the behavior of the Kretschmann invariant
As r → 0 we have
We also notice that as r → r + R µνσρ R µνσρ → −88 .
Therefore, from these facts we can say that there is a genuine physical singularity at r = 0 and a regular surface at r = r + . Further details can be extracted from the Penrose-Carter
Diagram. In order to construct such a diagram, we have to remove the singularity in the coordinate patch at r = r + through the null coordinates
, where r * is the tortoise coordinate given by
The metric (18) can be rewritten as
, which is obviously regular at r = r + .
Performing another change in the coordinates, that is,
we construct the Penrose-Carter diagram (1). The diagrams show us the null nature of the singularity and the AdS-like spatial infinity at r = ∞. From this, we can see that the causal structure of z = 2 Lifshitz black holes are essentially the same as the ordinary AdS black holes. Thus, one can apply the gauge/gravity duality ideas in the Lifshitz case, in a pattern similar to the AdS case.
IV. PERTURBATION EQUATIONS
In the space-time (10) the Klein-Gordon equation for a minimally coupled massive scalar field φ(z µ ) with mass m can be written aŝ
We can write the Laplace-Beltrami operatorK E in (20) 
In the above formulas D a andD i are the usual covariant derivatives in N m and K n .
Introducing scalar harmonics S k S (x i ) in K n , that are eigenfunctions of△ defined by
we can separate variables to obtain
Putting (22) in (20), we obtain the equation for φ(y a ,
where
is given by the expression
Above, k 2 E are the eigenvalues of the scalar harmonics. Equation (23) describes the propagation of scalar perturbations over a generic (m + n)-dimensional space-time M. Considering now the particular case of a D-dimensional space-time given by (12) , with dΣ
with ϕ
k (t, r) and
whereˆ (2) denotes the Laplace-Beltrami in the two-dimensional orbit space with coordinates (y 1 , y 2 ) = (t, r). Using the explicit metric components in the orbit space in (25)- (27) we
The functions F (r) and G(r) in W (E) ℓ (r) are given by
We introduce in (28) the tortoise coordinate r * defined by
. It maps the physical region r ∈ (r + , ∞) into r * ∈ (−∞, 0). Dropping the indices k and (E) we finally obtain for the evolution equation
plays the role of effective potential.
V. TIME EVOLUTION OF PERTURBATIONS
Equation (30) can be solved numerically by finite difference method. Taking t = t 0 + k∆t and r * = r * 0 + j∆r * , substituting in (30) and rearranging the terms we obtain the difference equation
As initial conditions we choose the static gaussian
We also impose Dirichlet conditions at the AdS boundary ψ(r * = 0, t) = 0. The Von
Neumann stability condition applied to the above difference equations results in the relation Then, defining V max as the largest value of V j in the numerical grid, our numerical solution will be stable if ∆t
Now taking ∆t = 1 2 ∆r * and choosing a sufficiently small time step such that V max < 3 ∆t 2
we assure the stability of our numerical codes. In all the calculations performed by us we verified the fulfillment of this stability condition.
As In practical numerical calculations, the time evolution data obtained solving the evolution equations mix the fundamental quasinormal mode and the higher overtones. As higher overtones decay more quickly that the fundamental mode, a common recipe is to fit the numerical data far away from the beginning of the quasinormal ringing, to be sure that higher overtones are suppressed.
Another numerical method to determine the quasinormal frequencies for AdS space-times, that can be easily adapted to asymptotically Lifshitz space-times is the Horowitz-Hubbeny method [12] . Tables I to VI show the numerical results obtained for the quasinormal frequencies of higher dimensional Lifshitz black holes with dynamical exponent z = 2, using the above mentioned numerical methods. We also include the exact results that can be obtained solving analytically the evolution equation, as we will show in the next section.
As we can observe from the tables, there exist a very good coincidence between the analytical results and the numerical ones. The Horowitz-Hubbeny method appears to be the best to perform numerical calculations and the time domain integrations lead to little worse results, due to the presence of numerical errors and precision problems in a practical calculation. However, if an analytical formula is absent, the Horowitz-Hubbeny method is very difficult to implement, because we need an approximate knowledge of the quasinormal frequency to complete the calculation, a fact that indicates the importance of develop time domain integration.
It is quite surprising that the evolution of perturbations is extremely simple. Indeed, the decay is basically that of an exponentially decaying tail, which means no real part of the frequency. This sounds like no quasi normal decay. This may be conjectured as a normal phase, or no superconductor at the border. In figure ( 2) one sees that the perturbations boringly die out leaving no sound of the Black Hole, just showing that perturbations spread and disappear. This result is independent of the dimensionality of space time and spin number. Therefore, the structure of Lifshitz Black Hole does not seem to lead to any interesting critical phenomena at the border.
Moreover, the incredible similarity of decays, almost independently of dimension or mvalue, with strikingly small differences in the values of the constants, shows that the z = 2 Black Holes are much more stable than the Einstein gravity counterparts. This leads again to the conjecture that the CFT dual never undergoes phase transitions. Actually, this result goes in the same line as the three-dimensional New Massive Gravity, whose CFT dual is conjectured to be an integrable model, namely, KdV equation [22] . 
VI. EXACT QUASINORMAL FREQUENCIES
Equation (28) In order to compute the quasinormal frequencies that dominated at intermediate times,
we assume for the function ϕ(t, r) in equation (28) the time dependence
Then, for z = 2 higher dimensional Lifshitz black holes whose metric tensor have the components given by (16) , the scalar field amplitude Z(r) satisfies the equation
were we denote the radial derivatives of a function f (r) as f ′ and drop from ϕ in (28) the labels k and (E). Introducing in the above equation the new variable ζ(r) defined as
such that ζ(r + ) = 0 and ζ(∞) = 1, we obtain
Proposing a solution in the form Z(ζ) = ζ α (1 − ζ) β F (ζ), where
Horowitz-Hubbeny Analytical we can transform (38) into an hypergeometric equation
whose general solution can be written as arguments of the hypergeometric function are
Taking into account (45) we can write (42) as
Ingoing boundary condition at the horizon ζ = 0 of the Lifshitz black holes fixes λ 2 = 0, then the general solution is
To take into account the boundary condition at spatial infinity ζ = 1, we can use the Kummers formula to connect hypergeometric functions at ζ = 0 with that at ζ = 1, Using (40)-(45) the above expression can be written as Now, at ζ = 1 we have,
The first term in the above expression tends to zero at spatial infinity, thus is consistent with the Dirichlet boundary condition in this limit. In the following, we exclude terms that (40) and (45) we find for the quasinormal frequencies the exact result
From the condition b = −n we obtain the same result for the quasinormal frequencies. The above expression indicates that for real scalar field masses all quasinormal frequencies are pure imaginary and negative, for all dimensions. Thus, higher dimensional Lifshitz Black
Holes are stable under real mass scalar fluctuations.
For imaginary masses, we can distinguish two cases. Putting m 2 ≡ −|m 2 |, if Using (51) it is easy to confirm the results of the last section, as is seen in Figures 6 to   9 , in which we show the dependence of scalar quasinormal frequencies with the parameters involved in the perturbation problem, D, k, m and M. Again, the propagation of scalar waves outside higher dimensional Lifshitz black holes is a very simple phenomenon.
VII. CONCLUDING REMARKS
We have studied the propagation of a minimally coupled scalar field outside higher dimensional asymptotically Lifshitz black holes, obtained from a theory that includes the more general quadratic corrections to Einstein gravity. We have solved the equation of motion analytically for all dimensions and performed its numerical study, obtaining the time domain evolution and the quasinormal frequencies.
The quasinormal stage at late times is characterized by the absence of proper oscillations and the field is purely damped. We have negative purely imaginary frequencies, implying complete stability of the black holes under scalar fluctuations. This picture is the same for all dimensions independently of the variation of parameters that describe the background and the perturbations, such as the black hole mass M, the scalar field mass m and the wave-vector of the propagating fluctuation. As all these parameters increase their values, Lifshitz black holes becomes more rigid, with a quicker decay of the probe field outside the event horizon.
The analytical result for the quasinormal spectrum shows us that the fundamental mode for any dimension is purely imaginary. Concerning the gauge/gravity duality, such a result means that the holographic field theory has a small thermalization timescale. In the z = 3 NMG case, the same result has been found [22] and we conjecture that the purely imaginary quasinormal frequencies are a universal propriety of the black holes with Lifshitz scaling symmetry.
